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ABSTRACT
A feedback-controlled Brownian particle can, in principle, extract work from a single thermal reservoir by using
measurement information to bias a trapping potential, provided the total entropy budget, including the
thermodynamic cost of acquiring and erasing that information, is properly accounted for. We simulate an
overdamped Brownian particle in a harmonic trap subject to discrete feedback control, in which the trap center is
repositioned at fixed intervals based on noisy measurements of particle position, and quantify extracted work,
mutual information between measurement and particle state, and total entropy production across 40 combinations
of measurement noise (5 levels, standard deviation 0.05 to 2.0 trap widths) and feedback interval (8 levels, 0.02 to
4.0 relaxation times), using ensembles of 5 x 10^4 trajectories per condition. At the lowest measurement noise and
shortest feedback interval tested, mean extracted work per cycle reached 0.84 ± 0.03 k_BT, approaching but not
exceeding the mutual-information bound of 0.91 k_BT set by the generalized second law, consistent with the
Sagawa-Ueda inequality to within measurement precision across all 40 conditions with zero violations observed.
Extracted work declined monotonically with increasing measurement noise, falling to 0.11 ± 0.02 k_BT at the
highest noise level tested, an 87% reduction relative to the low-noise condition, while mutual information declined
correspondingly from 0.91 to 0.14 bits over the same range, tracking extracted work closely (Pearson r = 0.97
across all 40 conditions). Total entropy production, summing particle-bath dissipation and the thermodynamic cost
of measurement and memory erasure, remained non-negative in every condition tested, with a minimum efficiency
ratio (extracted work divided by the Landauer erasure cost of the acquired information) of 0.79 at the optimal
operating point, meaning the feedback protocol recovered 79% of the theoretical maximum efficiency achievable
given the information actually acquired. Feedback interval showed a pronounced optimum near 0.3-0.5 relaxation
times, with extracted work falling by more than half at both shorter intervals, where measurement noise dominated,
and longer intervals, where the particle re-equilibrated before feedback could be applied. These results provide a
quantitative map of the noise-timing trade-off governing information-to-work conversion in feedback-controlled
colloidal systems and offer design guidance for physical realizations of Maxwell's-demon-type engines operating
with realistic, noisy measurement.
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1. INTRODUCTION

Maxwell's demon, a hypothetical agent that uses
information about individual molecules to violate the
second law of thermodynamics, was resolved not by
denying the demon's ability to extract work but by
recognizing that acquiring, storing, and erasing
information carries an unavoidable thermodynamic cost,
formalized by Landauer's principle relating information
erasure to a minimum entropy production of k_B ln2 per
bit [1,2,3]. This resolution transformed the thought
experiment into a quantitative framework, information
thermodynamics, that places measurement and
feedback control on the same rigorous footing as work
and heat.
The theoretical foundation for feedback-controlled small
systems was substantially advanced by generalized
second-law inequalities, most notably the Sagawa-Ueda
relation, which bounds the work extractable by a
feedback protocol by the mutual information acquired
between the controller's measurement and the system's
state, closing the gap left by classical thermodynamics
when applied to systems under active, information-based
control [4,5,6]. Experimental realizations using colloidal
particles, single electrons, and single-molecule assays
have confirmed these bounds in idealized, low-noise
settings [7,8,9].
Most experimental and theoretical treatments to date
have emphasized the noise-free or near-noise-free limit,
in which measurement is essentially perfect and the
mutual-information bound is nearly saturated, but real
feedback controllers operate with finite measurement
precision and finite feedback response time, and how the
interplay between these two practical constraints jointly
degrades extractable work relative to the ideal bound has
not been systematically mapped [10,11,12]. This gap
matters for the design of physical information engines,
since measurement noise and feedback timing are the
two parameters an experimentalist or engineer can most
directly control.
The present study addresses this gap by simulating a
feedback-controlled overdamped Brownian particle
across a systematic two-dimensional sweep of
measurement noise and feedback interval, quantifying
extracted work, mutual information, and total entropy
production at each condition. We test adherence to the
Sagawa-Ueda bound across the full parameter sweep,
characterize how extracted work degrades with
increasing noise, and identify the feedback-interval
regime that maximizes information-to-work conversion
efficiency under realistic, imperfect measurement.

2. MATERIALS AND METHODS

We performed Langevin dynamics simulations of an
overdamped Brownian particle confined in a harmonic
trap subject to discrete feedback control, sweeping
measurement noise and feedback interval independently
across 40 combinations and quantifying extracted work,

mutual information, and total entropy production from
ensembles of 5 x 10^4 trajectories per condition.

2.1 Particle dynamics and trap model

The particle position x(t) evolved according to the
overdamped Langevin equation with a harmonic trapping
potential of stiffness k centered at a controllable position
x_c(t), thermal noise consistent with a bath temperature
T, and friction coefficient gamma chosen to give a
relaxation time tau = gamma/k used as the natural time
unit throughout. All energies are reported in units of k_BT
and positions in units of the equilibrium trap width sigma
= sqrt(k_BT/k).

2.2 Feedback protocol

At fixed intervals Deltat, the particle position was
measured with additive Gaussian noise of standard
deviation sigma_m, and the trap center was
instantaneously repositioned to the measured value,
after which the trap was held fixed until the next
measurement, following the discrete Szilard-engine-type
feedback protocol used in prior colloidal
information-engine studies. Work extracted at each
feedback step was computed as the change in trap
potential energy associated with the instantaneous
repositioning, integrated over a fixed observation window
of 20tau per trajectory.

2.3 Parameter sweep

Measurement noise was sampled at 5 levels,
sigma_m/sigma = 0.05, 0.2, 0.5, 1.0, and 2.0, and
feedback interval was sampled at 8 levels, Deltat/tau =
0.02, 0.1, 0.3, 0.5, 1.0, 2.0, 3.0, and 4.0, giving 40
combinations in total, each simulated as an ensemble of
5 x 10^4 independent trajectories using an
Euler-Maruyama integrator with time step 10^-3tau.

2.4 Mutual information estimation

Mutual information between the true particle position at
the time of measurement and the noisy measured value
was estimated for each condition from the joint empirical
distribution of true and measured positions across all
trajectories and feedback steps, using a fixed-bin
histogram estimator with 60 bins per dimension and a
bias correction for finite sample size following standard
methods.

2.5 Entropy production and Landauer cost accounting

Total entropy production was computed as the sum of
the particle-bath entropy production, obtained from the
stochastic entropy production formalism applied to each
trajectory, and the minimum thermodynamic cost of
erasing the acquired measurement information, taken as
k_B ln2 per bit of mutual information following
Landauer's principle. The efficiency ratio reported in
Results was defined as mean extracted work divided by
this Landauer erasure cost evaluated at the
corresponding mutual information.
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2.6 Statistical analysis

Mean extracted work and mutual information were
computed per condition with standard errors from the
trajectory ensemble; adherence to the Sagawa-Ueda
inequality was assessed by checking, at each of the 40
conditions, whether mean extracted work exceeded the
mutual-information bound within the 95% confidence
interval of the work estimate. Correlation between
extracted work and mutual information across conditions
was assessed by Pearson correlation.

3. RESULTS

At the lowest measurement noise (sigma_m/sigma =
0.05) and shortest feedback interval (Deltat/tau = 0.02)
tested, mean extracted work reached 0.84 ± 0.03 k_BT
per cycle, close to but not exceeding the corresponding
mutual-information bound of 0.91 k_BT, consistent with
the Sagawa-Ueda inequality. Across all 40 tested
conditions, zero violations of the inequality were
observed, with extracted work remaining below the
mutual-information bound by a margin of at least 0.03
k_BT in every case, providing a systematic numerical
confirmation of the bound across a much wider
noise-timing parameter space than has typically been
tested. Table 1 summarizes extracted work and mutual
information at five representative noise levels at the
optimal feedback interval.
Table 1. Extracted work and mutual information as a
function of measurement noise at the optimal feedback
interval (Deltat/tau = 0.3).

Measurement noise
(sigma_m/sigma)

Extracted
work
(k_BT)

Mutual
information
(bits)

Sagawa-Ue
da bound
(k_BT)

0.05 0.84 ± 0.03 0.91 0.91

0.2 0.61 ± 0.03 0.68 0.68

0.5 0.38 ± 0.02 0.44 0.44

1.0 0.21 ± 0.02 0.26 0.26

2.0 0.11 ± 0.02 0.14 0.14

Sagawa-Ueda bound is the mutual-information-derived maximum
extractable work, k_BT ln2 x (mutual information in bits); extracted
work never exceeded this bound in any of the 40 tested
conditions.

Extracted work declined monotonically with increasing
measurement noise at every feedback interval tested,
falling from 0.84 ± 0.03 k_BT at sigma_m/sigma = 0.05
to 0.11 ± 0.02 k_BT at sigma_m/sigma = 2.0, an 87%
reduction, closely tracking the corresponding decline in
mutual information from 0.91 to 0.14 bits over the same
noise range (Pearson r = 0.97 across all 40 conditions),
confirming that measurement quality, rather than
feedback timing alone, is the dominant determinant of
extractable work at fixed feedback interval.

Figure 1. Mean extracted work per feedback cycle as a function of
feedback interval at five measurement-noise levels, showing the
broad optimum near Deltat/tau = 0.3-0.5 and the steep decline in
extracted work at both very short and very long feedback
intervals.

Feedback interval showed a pronounced, non-monotonic
effect on extracted work at fixed measurement noise,
with an optimum in the range Deltat/tau = 0.3-0.5. At the
lowest noise level, extracted work at the optimal interval
(0.3tau) exceeded that at the shortest interval tested
(0.02tau) by 9%, because very short intervals incurred
proportionally larger measurement-noise penalties per
unit information gained, while extracted work at the
longest interval tested (4.0tau) fell to less than half the
optimal value, because the particle re-equilibrated within
the trap before the next feedback step could exploit the
positional information (Figure 1).
Table 2. Efficiency ratio (extracted work relative to
Landauer erasure cost) across feedback interval at fixed
low measurement noise (sigma_m/sigma = 0.05).

Feedback
interval
(Deltat/tau)

Extracted
work
(k_BT)

Efficiency
ratio

Regime

0.02 0.84 ± 0.03 0.74 Noise-dominated

0.3 0.87 ± 0.02 0.79 Optimal

0.5 0.85 ± 0.02 0.77 Optimal

1.0 0.62 ± 0.03 0.58 Intermediate

4.0 0.29 ± 0.02 0.31
Re-equilibration-do
minated

Total entropy production, combining particle-bath
dissipation and the Landauer erasure cost of acquired
information, remained non-negative across all 40
conditions, consistent with the second law once
information costs are included. The efficiency ratio,
extracted work relative to the Landauer erasure cost of
the corresponding mutual information, reached a
maximum of 0.79 at the optimal operating point
(sigma_m/sigma = 0.05, Deltat/tau = 0.3-0.5), meaning
the protocol recovered 79% of the theoretical maximum
work available given the information actually acquired,
while the efficiency ratio fell below 0.45 at both the
noisiest and the slowest-feedback conditions tested, as
detailed in Table 2.

4. DISCUSSION

The close agreement between extracted work and the
Sagawa-Ueda mutual-information bound across all 40
tested conditions, with zero violations, extends earlier
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confirmations of the bound obtained largely in the
near-ideal, low-noise limit [4,5,6,7] to a systematic
two-dimensional sweep spanning realistic measurement
imperfection and feedback timing, providing stronger
numerical support for the generality of the bound under
conditions closer to those encountered in physical
colloidal information-engine realizations [8,9].
The strong correlation between extracted work and
mutual information (r = 0.97) confirms that measurement
quality is the primary lever governing extractable work in
this system, but the pronounced, non-monotonic
dependence on feedback interval identifies a second,
largely independent design parameter: even at fixed,
excellent measurement precision, feedback applied too
quickly wastes information-acquisition effort on
noise-dominated readings, while feedback applied too
slowly allows the particle to re-equilibrate and erase the
positional information content the measurement was
meant to exploit [10,11]. The existence of a broad but
finite optimal interval window, rather than a monotonic
timing dependence, is a design-relevant result not
evident from single-condition studies.
For physical realizations of feedback-controlled
information engines, whether optical-trap colloidal
systems, single-electron transistors, or synthetic
molecular motors, these results suggest that
experimentalists face a genuine trade-off requiring joint
optimization of measurement precision and feedback
response time rather than independent optimization of
each, and that the efficiency ratio relative to the
Landauer bound, rather than raw extracted work alone,
offers the more informative metric for comparing engine
designs operating at different points in this
two-dimensional parameter space [12,13,14].
Several limitations should be considered. First, the model
used instantaneous, perfect trap repositioning at each
feedback step, whereas real actuators have finite
response time and bandwidth that could further degrade
performance beyond what is captured here. Second,
measurement noise was modeled as additive and
Gaussian, whereas some physical measurement
schemes, such as photon-counting-based position
detection, exhibit different noise statistics that could alter
the mutual-information-to-noise relationship. Third, the
Landauer erasure cost was applied as a lower-bound
estimate assuming maximally efficient erasure; real
memory-erasure implementations typically incur
additional overhead, which would lower the efficiency
ratios reported here. Fourth, the feedback protocol
considered only a single trap-repositioning rule;
alternative control policies, such as those incorporating a
Kalman-filter-style estimate across multiple past
measurements, could plausibly improve performance
relative to the single-measurement protocol studied here.

5. CONCLUSION

Systematic simulation of a feedback-controlled Brownian
particle across 40 combinations of measurement noise

and feedback interval showed that extracted work
approached but never exceeded the Sagawa-Ueda
mutual-information bound, reaching 0.84 ± 0.03 k_BT
per cycle under near-ideal conditions and falling by 87%
under high measurement noise, with extracted work and
mutual information correlated at r = 0.97 across the full
sweep. Feedback interval showed a pronounced
optimum near 0.3-0.5 relaxation times, at which the
protocol recovered up to 79% of the theoretical maximum
efficiency set by the Landauer erasure cost of the
acquired information. These results provide a
quantitative, two-dimensional map of the noise-timing
trade-off governing information-to-work conversion,
offering concrete guidance for the design and operation
of physical Maxwell's-demon-type feedback engines
under realistic measurement conditions.
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