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ABSTRACT

Chemical reaction networks maintained far from equilibrium by continuous reactant influx and product removal
dissipate free energy at rates that are difficult to predict from network topology alone. We apply a stochastic
thermodynamics framework, based on the chemical master equation, to quantify entropy production in a family of
open reaction networks of increasing topological complexity: a linear chain, a branched network, and an
autocatalytic cycle, each driven away from equilibrium by an external chemostat imposing a fixed chemical-potential
difference. Across 36 driving conditions spanning affinities from 0.5 to 12 k_BT per reaction event, steady-state
entropy production rate increased with affinity in all three topologies but with markedly different scaling: the linear
chain showed near-linear growth (exponent 1.04 + 0.06), the branched network showed mild superlinear growth
(exponent 1.31 + 0.08), and the autocatalytic cycle showed strongly superlinear growth (exponent 2.18 + 0.11),
reaching a maximum dissipation rate of 47.3 k_BT per second at the highest affinity tested, 6.4 times higher than
the linear chain at the same driving. Fluctuation analysis using 2.4 x 1075 stochastic simulation trajectories per
condition confirmed that the steady-state entropy production rate satisfied the integral fluctuation theorem to within
2.1% average deviation, and the probability of transient entropy-consuming trajectories decayed exponentially with
observation time as predicted, with a decay constant within 8% of the mean dissipation rate at every tested
condition. Decomposing dissipation by reaction step identified that in the autocatalytic network, a single
self-replication step accounted for 61-74% of total steady-state entropy production across the high-affinity regime,
far exceeding its 1-in-5 share of reaction steps by count, whereas dissipation in the linear and branched networks
was distributed comparatively evenly, with no single step exceeding 29% of the total. These results indicate that
network topology, and specifically the presence of autocatalytic feedback, is a stronger determinant of dissipative
scaling behavior than driving strength alone, and suggest that thermodynamic cost analyses of biochemical and
synthetic reaction networks should treat topology-dependent scaling exponents, rather than a single
dissipation-versus-affinity relationship, as a first-order design consideration.
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1. INTRODUCTION

Living systems and many engineered chemical
processes operate as open reaction networks,
continuously exchanging matter and energy with their
surroundings to sustain concentrations far from
thermodynamic  equilibrium [1,2]. This sustained
displacement from equilibrium is not incidental; it is the
thermodynamic precondition for directional biochemical
function, from metabolic flux to molecular motor stepping
to the proofreading accuracy of polymerases, all of which
require continuous entropy production to operate [3,4].
The framework of stochastic thermodynamics has made
it possible to define entropy production rigorously at the
level of individual reaction events in a chemical master
equation description, linking microscopic reaction fluxes
and their reverse counterparts to a well-defined,
non-negative dissipation rate that reduces to classical
expressions in the deterministic limit [5,6,7]. This
machinery has been applied successfully to simple
motifs, single reversible reactions, linear chains, and
small enzymatic cycles, establishing how entropy
production scales with the thermodynamic affinity driving
the network away from equilibrium [8,9].

What remains comparatively underexplored is how this
scaling behavior depends on network topology itself,
particularly whether feedback structures such as
autocatalysis, in which a species catalyzes its own
production, amplify dissipation beyond what affinity alone
would predict [10,11]. This question matters because
autocatalytic motifs are pervasive in both metabolic
networks and origin-of-life chemistries, and if such motifs
systematically concentrate dissipation in a small number
of reaction steps, this would have direct implications for
where selective pressure on catalytic efficiency should
be expected to act most strongly [12,13].

The present study addresses this gap by directly
comparing steady-state entropy production across three
reaction network topologies of matched size, a linear
chain, a branched network, and an autocatalytic cycle,
under identical ranges of chemostat-imposed driving
affinity. We quantify how dissipation scales with affinity in
each topology, verify consistency with the integral
fluctuation theorem using large ensembles of stochastic
trajectories, and decompose total steady-state
dissipation by individual reaction step to identify whether
specific steps, particularly self-replication steps in the
autocatalytic network, disproportionately dominate the
entropy budget.

2. MATERIALS AND METHODS

We constructed three open chemical reaction networks
of matched size, a linear chain, a branched network, and
an autocatalytic cycle, each coupled to particle reservoirs
(chemostats) imposing a controlled chemical-potential
difference, and computed steady-state entropy
production both analytically from the chemical master
equation and numerically from stochastic simulation
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trajectories across 36 driving conditions.
I 2.1 Network topologies

The linear chain comprised five species connected by
four reversible reaction steps with irreversible
chemostatted influx and efflux at the two end species.
The branched network comprised the same five species
with an additional branch reaction diverting flux to a side
product, giving five reaction steps total. The autocatalytic
network comprised five species arranged in a cycle in
which one step consumed a chemostatted substrate and
produced two copies of a downstream species, closing
the cycle back to the initial species, for a total of five
reaction steps of which one was the self-replication step.
I 2.2 Chemical master equation and rate constants

Each network was described by a chemical master
equation over the joint state of species copy numbers,
with forward and reverse rate constants for each reaction
step chosen so that at zero imposed affinity the network
satisfied detailed balance. Baseline rate constants
ranged from 0.4 to 3.1 s”*-1 across the different reaction
steps, chosen to give comparable characteristic
relaxation times of order 1-3 s across the three
topologies at zero driving.

I 2.3 Chemostat driving and affinity sweep

Nonequilibrium driving was imposed by fixing the
chemical potential of the two chemostatted reservoir
species at a controlled difference Deltamu, sampled at
36 values from 0.5 to 12 k BT per reaction event,
spaced more finely at low affinity where dissipation-rate
curvature was expected to be greatest based on
preliminary scans.

| 2.4 stochastic simulation and fluctuation-theorem verification

For each of the 36 driving conditions and three
topologies, we generated 2.4 x 1075 independent
stochastic trajectories using the Gillespie algorithm, each
run to steady state and then followed for a fixed
observation window of 20 s, from which the empirical
distribution of trajectory-level entropy production was
constructed and compared against the integral
fluctuation theorem prediction (e”(-DeltaS)) = 1.

I 2.5 Analytical steady-state entropy production

In parallel, the steady-state probability distribution over
network states was obtained by direct numerical solution
of the master equation for state spaces below 20,000
states, and the analytical steady-state entropy production
rate was computed as the sum over all reaction steps of
the net probability flux through that step multiplied by the
log-ratio of forward to reverse fluxes, providing a
cross-check against the stochastic-simulation estimate.

| 2.6 Per-step dissipation decomposition

Total steady-state entropy production was decomposed
additively into per-reaction-step contributions using the
same  flux-times-log-ratio  expression evaluated
separately for each reaction step, allowing the fraction of
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total dissipation attributable to any individual step,
including the self-replication step in the autocatalytic
network, to be tracked across the affinity sweep.

I 2.7 Statistical analysis

Power-law scaling exponents relating entropy production
rate to affinity were obtained by log-log linear regression
across the 36 driving conditions for each topology, with
reported uncertainties as 95% confidence intervals on
the fitted slope; agreement between analytical and
stochastic-simulation entropy production estimates was
assessed by mean absolute percentage deviation.

3. RESULTS

Steady-state  entropy production rate increased
monotonically with driving affinity in all three network
topologies, but the three networks diverged sharply in
scaling behavior. Log-log regression across the 36
driving conditions gave a scaling exponent of 1.04 = 0.06
for the linear chain, consistent with the near-linear affinity
dependence expected close to and moderately beyond
the linear-response regime, 1.31 = 0.08 for the branched
network, and 2.18 + 0.11 for the autocatalytic cycle,
indicating strongly superlinear growth in dissipation as
the autocatalytic network was driven progressively
farther from equilibrium. Table 1 reports entropy
production rates for all three topologies at five
representative affinities spanning the tested range.

Table 1. Steady-state entropy production rate by network
topology at representative driving affinities.

Affinity Llngar EETE e Autocatalytic cycle
(k_BT/event) chain network (k_BT/s)
- (k_BTI/s) (k_BTI/s) -
0.5 0.31 0.36 0.42
2.0 1.24 1.62 2.31
5.0 3.12 4.68 9.87
8.0 4.98 8.41 22.6
12.0 7.40 15.2 47.3

Entropy production rates from the analytical master-equation
solution; stochastic-simulation estimates agreed to within a mean
absolute deviation of 2.7% across all conditions.

At the highest affinity tested (12 k BT per reaction
event), the autocatalytic network reached a steady-state
dissipation rate of 47.3 k_BT/s, 6.4 times higher than the
7.4 k_BT/s recorded for the linear chain at the same
driving and 3.1 times higher than the 15.2 k_BT/s
recorded for the branched network, a gap that was much
smaller at low affinity: at 0.5 k_BT per reaction event, the
three topologies differed by less than a factor of 1.6
(Figure 1).
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Steady-state entropy production versus driving affinity across three
reaction network topologies

Entropy production rate

T
12
Driving affinity (k_BT per reaction event)

—— Linear chain (exponent 1.04)
Branched network (exponent 1.31)
= Autocatalytic cycle (exponent 2.18)

Figure 1. Steady-state entropy production rate as a function of
driving affinity for the linear chain, branched network, and
autocatalytic cycle topologies, illustrating the strongly superlinear
scaling of dissipation in the autocatalytic network relative to the
other two topologies.

Stochastic-simulation estimates of steady-state entropy

production agreed closely with the analytical
master-equation values, with a mean absolute
percentage deviation of 2.7% across all 108
topology-affinity  combinations, and the integral

fluctuation theorem was satisfied to within 2.1% average
deviation from unity across all tested conditions. The
probability of observing transient entropy-consuming
trajectories over the 20 s observation window decayed
exponentially with a decay constant within 8% of the
corresponding mean dissipation rate at every condition,
consistent with large-deviation predictions for entropy
production statistics.

Table 2. Fraction of total steady-state entropy production
attributable to the single largest-contributing reaction step.

Linear
chain
(max step
%)

Branched
network
(max step %)

Autocatalytic cycle
(self-replication
step %)

Affinity

(k_BT/event)

0.5 23 21 61
2.0 25 24 66
5.0 27 26 70
8.0 28 28 72
12.0 29 29 74
Decomposing total dissipation by reaction step showed
that in the autocatalytic network, the single
self-replication step accounted for 61% of total

steady-state entropy production at the lowest affinity
where topology-dependent divergence became apparent
and rose to 74% at the highest affinity tested, despite
representing only one of five reaction steps. By contrast,
no single step in the linear chain or branched network
exceeded 29% of total dissipation at any tested affinity,
and the per-step distribution in those two networks
remained comparatively even across the full affinity
range, as summarized in Table 2.

4. DISCUSSION

These results extend prior stochastic-thermodynamics
analyses of entropy production in simple reaction motifs
[5,6,7,8] by showing that topology, not affinity alone,
governs how steeply dissipation grows under increasing
nonequilibrium driving. The near-linear scaling found for
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the linear chain is consistent with expectations from
near-equilibrium and moderately-driven single-cycle
analyses [9,10], whereas the strongly superlinear
exponent found for the autocatalytic network indicates
that feedback structure introduces a qualitatively distinct
dissipative regime  that a  topology-agnostic
affinity-scaling relationship would fail to capture.

The concentration of dissipation in a single
self-replication step, rising to nearly three-quarters of the
total budget at high driving, suggests a specific
mechanism: because the self-replication step's forward
flux depends on the concentration of the very species it
produces, increasing affinity amplifies both the forward

flux and its associated log-ratio driving force
multiplicatively rather than additively, producing the
observed  superlinear scaling [11,12,13]. This

mechanism is structurally distinct from the more evenly
distributed dissipation seen in networks lacking such
self-referential flux dependence.

For biochemical and synthetic reaction networks, these
findings imply that thermodynamic cost and
heat-dissipation budgets cannot be reliably extrapolated
from single-reaction affinity-scaling relationships when
autocatalytic motifs are present in the network, a
consideration relevant to metabolic engineering,
origin-of-life chemistries, and synthetic autocatalytic
systems where minimizing dissipative cost or heat load
may be an explicit design goal [14,15,16]. The
disproportionate role of the self-replication step further
suggests that engineering interventions targeting that
single step, rather than the network broadly, would yield
the largest gains in dissipative efficiency.

Several limitations qualify these conclusions. First, the
three networks studied were matched in species and
reaction-step count but not in every structural respect,
and other topological features beyond the presence of
autocatalysis could in principle contribute to the observed
scaling differences. Second, rate constants were chosen
to give comparable relaxation times at zero driving rather
than being fit to a specific real biochemical system, so
the absolute dissipation values reported here should be
interpreted as illustrative rather than representative of
any particular organism or process. Third, the stochastic
simulations used a fixed 20 s observation window for
fluctuation-theorem verification, and longer or shorter
windows could alter the precision of the large-deviation
decay-constant estimates. Fourth, the analysis was
restricted to well-mixed, spatially homogeneous reaction
volumes, and spatial heterogeneity or diffusion limitation
could modify the dissipation scaling reported here,
particularly for the autocatalytic topology.

5. CONCLUSION

A stochastic-thermodynamics comparison of entropy
production across linear, branched, and autocatalytic
reaction network topologies found that dissipation scales
with  driving affinity as a power law with
topology-dependent exponents of 1.04, 1.31, and 2.18
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respectively, and that the autocatalytic network reached
a maximum dissipation rate 6.4 times higher than the
linear chain at matched high-affinity driving. A single
self-replication step accounted for up to 74% of total
dissipation in the autocatalytic network despite
representing only one-fifth of its reaction steps, a
concentration of dissipative cost not observed in the
non-autocatalytic topologies. These findings establish
autocatalytic feedback as a strong, topology-specific
determinant of dissipative scaling behavior in open
chemical reaction networks, with direct relevance to
thermodynamic cost analysis of metabolic and synthetic
biochemical systems.
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