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ABSTRACT
Optimal transport provides a principled distance between probability distributions, but the classical linear program
that computes it scales cubically with sample size, a cost that has kept it out of reach for many complex-system
modeling tasks involving thousands of interacting states. We evaluate entropy-regularized optimal transport, solved
via the Sinkhorn-Knopp fixed-point iteration, as a scalable surrogate for exact transport distances across a
benchmark suite of 40 synthetic complex-system distributions built from coupled Gaussian mixtures and simulated
agent-based population densities, with support sizes ranging from 200 to 8,000 points. Across this suite, Sinkhorn
distances at regularization strength epsilon = 0.05 recovered exact Wasserstein-2 distances with a mean relative
error of 3.4% (SD 1.8%, range 0.6-9.1%) while reducing wall-clock computation time by a median factor of 46
relative to the exact network-simplex solver, with the speed advantage widening to a factor of over 210 at the
largest support size tested. Relative error was strongly regularization-dependent: decreasing epsilon from 0.20 to
0.01 lowered mean relative error from 11.7% to 1.2% but increased mean Sinkhorn iteration count from 38 to 412
before convergence to a fixed tolerance of 1e-9, producing a well-defined accuracy-runtime frontier rather than a
free improvement in either direction. Applying the method to track the entropy-regularized transport cost between
successive snapshots of a simulated 500-agent complex system undergoing a phase transition, we found that
transport cost rose sharply by 340% in the ten simulation steps preceding the transition and that this rise was
detectable at epsilon = 0.05 with a signal-to-noise ratio of 6.8, comparable to the exact-solver signal-to-noise ratio of
7.4 but at a fraction of the computational cost. A grid search over regularization strength and support size identified
epsilon in the range 0.03-0.08 as a practical operating window that kept relative error below 5% for supports up to
8,000 points while maintaining Sinkhorn convergence within 150 iterations for 94% of test cases. These findings
indicate that entropy-regularized optimal transport, appropriately tuned, offers a favorable accuracy-speed trade-off
for monitoring distributional change in large complex systems, and we provide concrete regularization-strength
guidance for practitioners seeking to deploy it at scale.
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1. INTRODUCTION

Many problems in complex systems science, from
tracking the evolving state distribution of an interacting
particle ensemble to comparing population densities
across simulated agent-based models, reduce to
measuring how far apart two probability distributions are
[1,2]. Optimal transport theory supplies a natural answer,
the Wasserstein distance, which accounts for the
geometry of the underlying space rather than treating
distributions as unordered collections of mass, and has
consequently become a standard tool wherever the cost
of moving probability mass from one configuration to
another carries physical or informational meaning [3,4].
Computing the exact Wasserstein distance between two
discrete distributions requires solving a linear program
whose cost scales as roughly O(n^3 log n) in the number
of support points n, a burden that becomes prohibitive
once complex-system models involve thousands of
interacting agents, lattice sites, or sampled microstates
[5,6]. Entropy regularization, which adds a convex
entropic penalty to the transport objective and enables
the problem to be solved by the iterative Sinkhorn-Knopp
algorithm at near-linear cost per iteration, has emerged
as the dominant practical workaround, but the accuracy
lost relative to the exact solution, and how that accuracy
degrades as regularization strength and problem size
vary jointly, has not been systematically mapped across
the kind of heterogeneous, multimodal distributions that
complex-system applications actually produce [7,8,9].
This gap matters because the choice of regularization
strength epsilon in Sinkhorn-based transport is rarely
neutral: too large a value blurs the transport plan and can
mask exactly the kind of sharp distributional shift, such
as an approaching phase transition or bifurcation, that a
complex-systems practitioner is most often trying to
detect, while too small a value restores accuracy at the
cost of the very computational speed that motivated
using entropy regularization in the first place [10,11,12].
Without quantitative guidance on where an acceptable
operating point lies, practitioners are left choosing
epsilon by intuition or by expensive trial and error on their
specific dataset.
The present study systematically benchmarks
entropy-regularized optimal transport against exact
Wasserstein-2 distances across a suite of synthetic
complex-system distributions of varying size and
structure, characterizes the joint dependence of relative
error and computational cost on regularization strength
and support size, and applies the tuned method to a
simulated phase-transition scenario to test whether
Sinkhorn distances retain enough sensitivity to detect an
approaching transition at a fraction of the exact-solver
cost.

2. MATERIALS AND METHODS

We benchmarked entropy-regularized optimal transport,
computed via the Sinkhorn-Knopp algorithm, against

exact Wasserstein-2 distances on a suite of 40 synthetic
complex-system distributions spanning 200 to 8,000
support points, varying regularization strength
systematically, and applied the tuned method to a
simulated agent-based phase-transition scenario.

2.1 Benchmark distribution suite

We constructed 40 pairs of synthetic distributions
representative of complex-system applications: 22 pairs
drawn from coupled two- to five-component Gaussian
mixtures with randomly perturbed means and
covariances, and 18 pairs sampled from a 500-agent
agent-based population model on a two-dimensional
domain, recorded at successive simulation snapshots.
Support sizes were varied in five bins (200, 500, 1500,
4000, and 8000 points) with eight distribution pairs per
bin.

2.2 Exact Wasserstein-2 reference solver

Exact Wasserstein-2 distances were computed using a
network-simplex linear-program solver operating on the
full squared-Euclidean cost matrix between support
points, taken as ground truth against which the
entropy-regularized approximation was evaluated for
relative error.

2.3 Sinkhorn-Knopp implementation

Entropy-regularized transport plans were computed by
the Sinkhorn-Knopp fixed-point iteration on the same
cost matrices, with regularization strength epsilon varied
across the grid {0.01, 0.03, 0.05, 0.08, 0.10, 0.20},
log-domain stabilization to avoid numerical underflow at
small epsilon, and a convergence criterion of maximum
marginal violation below 1e-9, capped at 2000 iterations.

2.4 Accuracy and runtime metrics

Relative error was defined as the absolute difference
between the Sinkhorn transport cost and the exact
Wasserstein-2 distance, divided by the exact distance.
Wall-clock runtime was measured on identical
single-core hardware for both the exact solver and each
Sinkhorn configuration, and the speedup factor was
computed as the ratio of exact-solver time to Sinkhorn
time for matched distribution pairs.

2.5 Phase-transition detection scenario

A 500-agent agent-based model with a tunable coupling
parameter was simulated through a continuous phase
transition, and transport cost was computed between
distributions of agent states at successive simulation
steps using both the exact solver and Sinkhorn at epsilon
= 0.05, to compare each method's sensitivity to the
approaching transition via the signal-to-noise ratio of the
transport-cost rise against its pre-transition baseline
fluctuation.

2.6 Regularization-strength grid search

A full factorial grid search over regularization strength (6
levels) and support-size bin (5 levels) was conducted,
with relative error, iteration count to convergence, and
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runtime recorded for each of the resulting 240
configuration-distribution combinations, to identify a
practical operating window for epsilon.

2.7 Statistical analysis

Relative error and speedup factor were summarized as
means and standard deviations across replicate
distribution pairs within each configuration bin, and the
dependence of relative error on epsilon was assessed by
linear regression on log-transformed error against
log(epsilon), with reported slopes accompanied by 95%
confidence intervals.

3. RESULTS

Across the full benchmark suite of 40 distribution pairs,
Sinkhorn distances computed at epsilon = 0.05
recovered exact Wasserstein-2 distances with a mean
relative error of 3.4% (SD 1.8%, range 0.6-9.1%), while
reducing wall-clock computation time by a median factor
of 46 relative to the exact network-simplex solver. The
speedup advantage was strongly size-dependent,
widening from a median factor of 9 at the smallest
support size (200 points) to over 210 at the largest
(8,000 points), consistent with the near-linear
per-iteration cost of Sinkhorn against the cubic scaling of
the exact solver. Table 1 reports relative error and
speedup by support-size bin.
Table 1. Relative error and speedup of Sinkhorn transport
(epsilon = 0.05) relative to exact Wasserstein-2 distance, by
support size.

Support size
(points)

Mean
relative
error (%)

Median
speedup
factor

Exact
solver
time (s)

Sinkhorn
time (s)

200 2.1 9 0.08 0.009

500 2.8 22 0.61 0.028

1,500 3.3 58 4.9 0.084

4,000 4.0 126 18.7 0.148

8,000 4.9 217 41.2 0.190

Relative error and speedup averaged over 8 distribution pairs per
support-size bin at fixed epsilon = 0.05.

Relative error depended strongly and systematically on
regularization strength. Decreasing epsilon from 0.20 to
0.01 lowered mean relative error from 11.7% to 1.2%, a
nearly ten-fold reduction, but increased mean Sinkhorn
iteration count from 38 to 412 before reaching the 1e-9
convergence tolerance. Log-log regression of relative
error against epsilon yielded a slope of 0.58 (95% CI:
0.51-0.65), confirming a smooth, near power-law
accuracy-regularization relationship across the tested
range rather than a sharp threshold effect.

Figure 1. Mean relative error and mean Sinkhorn iteration count to
convergence as a function of regularization strength epsilon,
showing the accuracy-runtime trade-off and the practical
operating window (epsilon 0.03-0.08) identified by the grid search.

The grid search over regularization strength and support
size, comprising 240 configuration-distribution
combinations, identified epsilon in the range 0.03-0.08 as
a practical operating window: within this range, relative
error stayed below 5% for supports up to 8,000 points
while Sinkhorn convergence was reached within 150
iterations for 94% of test cases. Table 2 summarises this
accuracy-runtime frontier across the full regularization
grid, and Figure 1 visualizes the joint dependence of
relative error and iteration count on epsilon.
Table 2. Accuracy-runtime frontier across the
regularization-strength grid, averaged over all support
sizes.

Epsilon
Mean
relative
error (%)

Mean iterations
to convergence

Convergence
within 150 iters (%)

0.01 1.2 412 18

0.03 2.3 134 81

0.05 3.4 89 94

0.08 4.8 61 97

0.10 6.5 49 99

0.20 11.7 38 100

In the simulated 500-agent phase-transition scenario,
transport cost between successive simulation snapshots
rose sharply by 340% over the ten simulation steps
preceding the transition, relative to its pre-transition
baseline level, when computed with the exact solver. The
same rise was detected using Sinkhorn at epsilon = 0.05
with a signal-to-noise ratio of 6.8, closely comparable to
the exact-solver signal-to-noise ratio of 7.4, indicating
that the entropy-regularized approximation retained
enough sensitivity to flag the approaching transition
despite its lower fidelity to the exact distance value.

4. DISCUSSION

These results position entropy-regularized optimal
transport as a practically viable surrogate for exact
Wasserstein distances in complex-system applications
where problem size, rather than raw accuracy, is the
binding constraint, consistent with the broader case
made for Sinkhorn-based methods in computational
optimal transport [7,8,13,14]. The observed 3.4% mean
relative error at epsilon = 0.05 is well within the tolerance
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typically required for distributional monitoring tasks such
as detecting phase transitions or comparing population
snapshots, while the more-than-order-of-magnitude
runtime advantage at larger support sizes makes
previously infeasible problem scales tractable [15,16].
A secondary but practically important finding is that the
accuracy-runtime trade-off is not fixed but shifts favorably
with problem size: the same regularization strength that
yields a modest ninefold speedup at 200 support points
yields more than a 210-fold speedup at 8,000 points, at
comparable relative error. This suggests that the case for
entropy regularization strengthens, rather than weakens,
as complex-system models scale toward the
thousands-to-tens-of-thousands of interacting units
increasingly common in agent-based and lattice
simulations [17,18,19].
The phase-transition detection result carries a broader
implication for real-time or online monitoring of complex
systems: because Sinkhorn distances at a moderate
regularization strength retained a signal-to-noise ratio for
the approaching transition comparable to the exact
solver, practitioners need not sacrifice detection
sensitivity to gain computational tractability, at least for
transitions of the magnitude and abruptness modeled
here [20,21,22]. This lends quantitative support to using
entropy-regularized transport as a lightweight
early-warning statistic in settings where recomputing
exact distances at every simulation step is infeasible.
Several limitations qualify these conclusions. First, the
benchmark suite, while varied, was built from Gaussian
mixtures and a single agent-based model family, and
relative error behavior could differ for distributions with
heavier tails, sharper discontinuities, or support
geometries very different from those tested here.
Second, all runtime comparisons were made on
single-core hardware; Sinkhorn's advantage may change
under GPU-parallelized exact solvers, which were not
benchmarked in this study. Third, the phase-transition
scenario used a single agent-based model with a single
coupling parameter, and the generality of the observed
signal-to-noise equivalence across other transition types
and control parameters remains untested. Fourth, the
practical operating window identified for epsilon
(0.03-0.08) is specific to the cost-matrix scale and
support-size range used here and would need
re-calibration for problems with substantially different
characteristic length scales [23,24,25,26].

5. CONCLUSION

Benchmarking entropy-regularized optimal transport
against exact Wasserstein-2 distances across 40
synthetic complex-system distributions showed that
Sinkhorn-based approximation at epsilon = 0.05
achieves a mean relative error of 3.4% while cutting
computation time by a median factor of 46, with the
speed advantage exceeding 210-fold at the largest
support sizes tested. A regularization-strength grid
search identified epsilon in the range 0.03-0.08 as a

practical operating window balancing sub-5% error
against fast convergence, and application to a simulated
phase-transition scenario showed that this tuned
configuration retained near-exact sensitivity for detecting
an approaching transition. These results give
complex-systems practitioners concrete, quantitative
guidance for deploying entropy-regularized transport at
scales where exact solvers are computationally
prohibitive.
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