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ABSTRACT

The Jarzynski equality and the Crooks fluctuation theorem allow equilibrium free-energy differences to be recovered
from an ensemble of nonequilibrium single-molecule pulling trajectories, but the accuracy of the recovered free
energy depends strongly on pulling speed, trajectory number, and the resulting width of the work distribution, a
dependence not always characterized quantitatively for a given molecular construct. We report dual-beam
optical-tweezer pulling experiments on a DNA hairpin construct (20-base-pair stem, 4-nucleotide loop), collecting
1,050 unfolding and 1,050 refolding trajectories across four pulling speeds from 20 to 800 nm/s. Work distributions
broadened and their means shifted upward with pulling speed, from a mean unfolding work of 68.4 + 1.2 kT at 20
nm/s to 94.7 + 2.8 kT at 800 nm/s (mean + SEM, n = 250-300 per speed), while Jarzynski-equality free-energy
estimates computed from unfolding trajectories alone overestimated the equilibrium value obtained by
Crooks-theorem bidirectional analysis at the slowest speed (65.1 £ 1.4 KT vs. 63.8 + 0.6 kT, a 2.0% bias) and this
bias grew to 12.4% at the fastest speed tested. Crooks-theorem estimates combining unfolding and refolding work
distributions recovered a free-energy difference of 63.8 + 0.6 kT, essentially pulling-speed independent (range
63.5-64.1 kT across all four speeds, one-way ANOVA p = 0.41), and agreeing with the nearest-neighbor
thermodynamic prediction for this hairpin sequence (64.5 kT) to within 1.1%. Bootstrap resampling (2,000 replicates
per condition) showed that Jarzynski-estimator variance decreased with trajectory number approximately as
N”-0.85, slower than the N”-1 scaling expected for well-behaved estimators, reflecting the known sensitivity of the
exponential average to rare, low-work trajectories; convergence to within 2 kT of the asymptotic estimate required at
least 480 trajectories at the fastest pulling speed but only 140 at the slowest. These results provide a quantitative
benchmark for the trajectory numbers and pulling-speed ranges needed to recover accurate free energies from
single-molecule pulling experiments and reinforce the practical advantage of bidirectional Crooks-theorem analysis
over unidirectional Jarzynski averaging when fast pulling is experimentally necessary.
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1. INTRODUCTION

Single-molecule  force  spectroscopy  techniques,
including optical and magnetic tweezers and atomic force
microscopy, can mechanically unfold individual
biomolecules while recording the applied force and
extension  with  sub-piconewton and nanometer
resolution, providing a direct window into the free-energy
landscape governing folding [1,2]. Because these
experiments are performed away from thermodynamic
equilibrium, at pulling speeds fast enough to be
experimentally practical, the work measured along any
single trajectory is not simply equal to the equilibrium
free-energy difference between folded and unfolded
states, and instead fluctuates from trajectory to trajectory
in a way that classical equilibrium thermodynamics does
not describe [3,4].

The Jarzynski equality resolved this apparent difficulty by
showing that an exponential average of the work
performed over a large ensemble of nonequilibrium
trajectories, (e"(-W/KT)) = e”(-DeltaG/KkT), recovers the
equilibrium free-energy difference exactly, regardless of
pulling speed, and the closely related Crooks fluctuation
theorem extended this result to relate the full forward and
reverse work distributions, providing a bidirectional
estimator that is generally more statistically efficient
[5,6,7]. These relations have been applied successfully
to recover folding free energies for RNA and DNA
hairpins, protein domains, and molecular motors from
pulling experiments performed well outside the
quasistatic regime [8,9,10].

What remains less thoroughly quantified for any given
molecular construct and instrument is exactly how the
accuracy and statistical efficiency of Jarzynski versus
Crooks-theorem estimators degrade as pulling speed
increases and trajectory number is constrained, a
practical question that directly determines how much
experimental time must be invested to recover a free
energy within a specified tolerance [11,12,13]. Because
the Jarzynski exponential average is dominated by rare,
low-work trajectories drawn from the tail of the work
distribution, its convergence behavior with trajectory
number is known qualitatively to be slower than for a
simple arithmetic mean, but the practical trajectory
numbers required for a specific hairpin construct and
instrument noise level are usually established empirically
rather than predicted in advance [14,15].

The present study addresses this gap directly using a
well-characterized DNA hairpin pulled in a dual-beam
optical trap across a range of pulling speeds spanning
near-quasistatic to strongly dissipative regimes. We
quantify how the unfolding work distribution and
Jarzynski free-energy bias grow with pulling speed,
compare unidirectional Jarzynski and bidirectional
Crooks-theorem free-energy estimates against a
nearest-neighbor thermodynamic prediction for the
hairpin sequence, and use bootstrap resampling to
characterize how estimator variance scales with the
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number of pulling trajectories at each speed.
2. MATERIALS AND METHODS

We performed dual-beam optical-tweezer pulling
experiments on a 20-base-pair DNA hairpin construct
with a 4-nucleotide loop, collecting 1,050 unfolding and
1,050 refolding trajectories across four pulling speeds
(20, 100, 400, and 800 nm/s), and analyzed the resulting
work distributions using both the Jarzynski equality and
the Crooks fluctuation theorem, with bootstrap
resampling to characterize estimator convergence.

I 2.1 Molecular construct and sample preparation

The pulling construct consisted of a 20-base-pair DNA
hairpin stem with a 4-nucleotide loop, flanked by
double-stranded DNA handles (558 bp and 2,028 bp)
each terminated with a digoxigenin or biotin label for
attachment to anti-digoxigenin- and streptavidin-coated
polystyrene beads (2.1 mum and 3.0 mum diameter,
respectively). Samples were prepared in a measurement
buffer of 10 mM Tris-HCI (pH 7.5), 200 mM NaCl, and 1
mM EDTA, and used within 6 hours of assembly.

I 2.2 Dual-beam optical trap instrument

Pulling experiments were performed on a custom
dual-beam counter-propagating optical trap operating at
1,064 nm, with force resolution of 0.1 pN and spatial
resolution of 0.5 nm at 1 kHz acquisition bandwidth. One
bead was held in a fixed trap while the second was
moved by a piezoelectric stage under closed-loop
feedback to achieve the target pulling speed, and force
and extension were recorded continuously throughout
each unfolding-refolding cycle.

I 2.3 Pulling protocol and speed conditions

Four pulling speeds were tested: 20, 100, 400, and 800
nm/s, chosen to span from near-quasistatic pulling,
where the hairpin is expected to remain close to
mechanical  equilibrium  throughout, to  strongly
dissipative pulling at the upper end of speeds accessible
without excessive bead-tracking noise. At each speed,
unfolding  (stretching) and refolding (relaxation)
half-cycles were performed alternately on the same
molecule, with 250-300 complete cycles collected per
speed condition across 8-11 individual molecules to
control for construct-to-construct variability.

I 2.4 Work calculation and baseline correction

Work performed on the hairpin during each unfolding or
refolding trajectory was computed by numerically
integrating the force-extension trace over the pulling
distance, with a linear baseline correction applied to each
trajectory to remove trap and handle stretching
contributions unrelated to hairpin unfolding, isolating the
work associated specifically with the hairpin folding
transition.

I 2.5 Jarzynski and Crooks free-energy estimators

Free-energy differences were estimated from unfolding
work distributions alone using the Jarzynski equality with
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a cumulant-expansion bias correction to second order,
and separately from paired unfolding and refolding work
distributions using the Crooks fluctuation theorem, which
identifies the free-energy difference as the work value at
which the forward and reverse work probability densities
intersect. A nearest-neighbor thermodynamic parameter
prediction for the hairpin sequence was computed
independently as a reference value.

I 2.6 Bootstrap convergence analysis

For each pulling speed, bootstrap resampling with 2,000
replicates was used to estimate the standard error of the
Jarzynski free-energy estimate as a function of trajectory
subsample size, drawing subsamples ranging from 20 to
the full available trajectory number in increments of 20, to
characterize how estimator variance scaled with
trajectory count and to determine the trajectory number
required for the estimate to converge to within 2 kT of its
asymptotic value.

I 2.7 Statistical analysis

Work distribution means and standard errors were
computed per speed condition; a one-way ANOVA tested
whether Crooks-theorem free-energy estimates differed
significantly across the four pulling speeds. All analyses
were performed in Python using NumPy and SciPy, with
KT = 4.11 pN-nm at the 298 K experimental temperature.

3. RESULTS

Unfolding work distributions shifted upward and
broadened progressively with pulling speed. Mean
unfolding work rose from 68.4 + 1.2 kKT at 20 nm/s to 76.9
+ 1.7 KT at 100 nm/s, 87.2 + 2.3 kT at 400 nm/s, and
94.7 £ 2.8 kT at 800 nm/s (mean + SEM, n = 250-300
trajectories per speed), while the work distribution
standard deviation grew from 6.1 kT at the slowest speed
to 15.8 kT at the fastest, consistent with the greater
dissipation and larger trajectory-to-trajectory variability
expected at faster, more strongly driven pulling.

Table 1. Unfolding work and free-energy estimates by
pulling speed.

Crooks-the

Pulling Mean

— unfoldin Jarzynski orem Jarzynski
P g estimate (kT) estimate bias (%)
(nm/s) work (kT)
(kT)
20 68.4 +/- 1.2 65.1+/-1.4 63.8+/-0.6 2.0
100 76.9 +/-1.7 66.7 +/- 1.6 63.8+/-0.6 4.6
400 87.2+/-2.3 69.5 +/- 2.0 63.8+/-0.7 8.9
800 94.7 +/- 2.8 717 +/-2.4 63.9+-0.7 124

Values are mean +/- SEM across 250-300 trajectories per speed.
Nearest-neighbor thermodynamic prediction for the hairpin
sequence is 64.5 KT.

Jarzynski-equality free-energy estimates computed from
unfolding trajectories alone showed a systematic upward
bias relative to the Crooks-theorem bidirectional estimate
that grew with pulling speed. At 20 nm/s the Jarzynski
estimate (65.1 + 1.4 kT) exceeded the Crooks-theorem
estimate (63.8 =+ 0.6 kT) by 2.0%; this bias grew to 4.6%
at 100 nm/s, 8.9% at 400 nm/s, and 12.4% at 800 nm/s,
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tracing out a clear monotonic relationship between
pulling speed and Jarzynski estimator bias, summarized
in Table 1.

Jarzynski bias grows with pulling speed while the Crooks-theorem
estimate remains stable near the equilibrium free energy
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Figure 1. Mean unfolding work and Jarzynski free-energy bias as
a function of pulling speed across the four tested conditions, with
the pulling-speed-independent Crooks-theorem estimate shown
for reference.

Crooks-theorem free-energy estimates, by contrast, were
essentially independent of pulling speed, ranging only
from 63.5 to 64.1 KT across the four conditions tested
(one-way ANOVA, F(3,1046) = 0.97, p = 0.41), and
agreed with the nearest-neighbor thermodynamic
prediction for the hairpin sequence (64.5 kT) to within
1.1% at every speed, confirming that the bidirectional
estimator recovers an accurate,
pulling-speed-independent free energy even at the
fastest, most strongly dissipative pulling speed tested
(Figure 1).

Table 2. Bootstrap convergence of the Jarzynski
free-energy estimate with trajectory number.

heed  convergence (-2 ESumalor SEat. Estimator SEa
(nm/s) kT) B -
20 140 0.9 0.3
100 230 13 0.5
400 360 1.9 0.8
800 480 2.6 11

Bootstrap resampling showed that Jarzynski-estimator
standard error decreased with trajectory number N
approximately as N”-0.85 (fitted exponent, R"2 = 0.94),
slower than the N”-1 scaling expected for a well-behaved
arithmetic-mean estimator, consistent with the known
sensitivity of the exponential average to rare, low-work
trajectories in the distribution tail. The number of
trajectories required for the Jarzynski estimate to
converge to within 2 kT of its asymptotic value increased
sharply with pulling speed, from 140 trajectories at 20
nm/s to 480 trajectories at 800 nm/s, as detailed in Table
2.

4. DISCUSSION

The systematic growth of Jarzynski-estimator bias with
pulling speed observed here, from 2.0% to 12.4% across
a 40-fold range of pulling velocities, is consistent with
prior reports that unidirectional exponential-average
free-energy estimators are increasingly dominated by
undersampled, low-work trajectories as the work
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distribution broadens [5,6,16,17]. The close agreement
of the  Crooks-theorem  estimate  with the
nearest-neighbor thermodynamic prediction, and its
near-independence from pulling speed across the full
tested range, reinforces the practical recommendation
from earlier single-molecule studies that bidirectional
analysis should be preferred whenever refolding
trajectories can be collected, particularly when fast
pulling is experimentally necessary to obtain sufficient
trajectory numbers in limited instrument time [18,19].
The sub-linear (N~-0.85 rather than N”-1) scaling of
Jarzynski-estimator variance with trajectory number
provides a quantitative, construct-specific complement to
the general theoretical expectation that exponential
averages converge more slowly than arithmetic means
[14,15,20]. The practical implication, that nearly 3.5
times as many trajectories were required for
convergence at 800 nm/s as at 20 nm/s, means that the
time saved by pulling faster is partly, though not entirely,
offset by the larger trajectory numbers needed to reach a
comparably accurate free-energy estimate, a trade-off
that should factor into experimental design decisions for
similarly sized hairpin or protein-domain constructs.

More broadly, these results illustrate how fluctuation
theorems allow equilibrium thermodynamic quantities to
be extracted from small, strongly nonequilibrium
molecular  systems  where direct  quasistatic
measurement is impractical, a capability that has
become a standard tool in single-molecule biophysics for
characterizing folding landscapes, ligand-binding free
energies, and molecular-motor mechanochemistry
[21,22,23]. The quantitative benchmarks reported here,
bias versus pulling speed and convergence trajectory
numbers, offer a practical reference for designing pulling
protocols on hairpin constructs of comparable size and
stability.

Several limitations should be noted. First, all
measurements were performed on a single hairpin
sequence and loop length; the magnitude of Jarzynski
bias and the convergence trajectory numbers reported
here are expected to depend on the height and shape of
the underlying free-energy barrier and may differ
substantially for larger protein domains or hairpins with
different stability. Second, the pulling-speed range tested
(20-800 nm/s) does not extend to the fastest speeds
achievable with atomic force microscopy-based pulling,
where dissipation and Jarzynski bias would likely be
substantially larger. Third, the cumulant-expansion bias
correction applied to the Jarzynski estimator is itself an
approximation that becomes less reliable for broader
work distributions, potentially affecting the estimated bias
magnitudes at the fastest pulling speeds. Fourth,
instrument drift and bead-to-bead variability across the
8-11 molecules measured per condition were not
explicitly modeled as a separate variance component,
which could modestly inflate the reported standard errors
relative to a purely single-molecule measurement
uncertainty.
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5. CONCLUSION

Dual-beam optical-tweezer pulling experiments on a
20-base-pair DNA hairpin across four pulling speeds
showed that Jarzynski-equality free-energy estimates
from unfolding trajectories alone carry a bias that grows
from 2.0% to 12.4% as pulling speed increases from 20
to 800 nm/s, while bidirectional Crooks-theorem
estimates remained accurate and pulling-speed
independent (63.5-64.1 KkT), agreeing with the
nearest-neighbor thermodynamic prediction to within
1.1%. Jarzynski-estimator variance scaled with trajectory
number as N”-0.85, requiring up to 480 trajectories for
convergence at the fastest speed tested versus 140 at
the slowest. These quantitative benchmarks support
preferential use of bidirectional Crooks-theorem analysis
over unidirectional Jarzynski averaging in
single-molecule pulling experiments, particularly when
experimental constraints require fast pulling protocols.
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