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ABSTRACT
Squeezed thermal reservoirs have been proposed as a route to boosting the efficiency and power of quantum heat
engines beyond the standard Carnot bound, since squeezing injects an effective negative entropy that can, in
principle, be converted into extra work. What remains poorly quantified is the entropy-production cost that driving a
working qubit against a squeezed bath actually incurs once finite-time operation and reservoir decoherence are
taken into account. We simulate a quantum Otto-cycle heat engine built from a two-level working system coupled
alternately to a hot reservoir at temperature 4.2 K, squeezed with squeezing parameter r ranging from 0 to 1.2, and
an unsqueezed cold reservoir at 0.8 K, integrating the Lindblad master equation across 42 combinations of
squeezing parameter and cycle duration between 0.05 and 2.0 (in units of the inverse qubit gap). At r = 0, mean
entropy production per cycle was 0.223 k_B, consistent with standard finite-time Otto-cycle behaviour, but rose to
0.361 k_B at r = 1.2, a 62% increase, even as extractable work per cycle increased by 41%, from 0.184 to 0.259 (in
units of the qubit gap). The ratio of work output to entropy production, an effective thermodynamic figure of merit,
was therefore not monotonic in squeezing: it peaked at r = 0.6, where work per unit entropy produced reached 0.98,
15% above the unsqueezed value of 0.85, before declining at higher squeezing as entropy production began to
outpace the marginal work gain. Power output at the maximum-power cycle duration increased with squeezing
across the full range tested, from 0.31 (gap units) at r = 0 to 0.52 at r = 1.2, a 68% gain, but efficiency at maximum
power fell from 0.41 to 0.33 over the same range, a trade-off traced out in detail in Table 1. A decomposition of total
entropy production attributed 58-71% to hot-bath coupling across all squeezing values, with the squeezed-bath
contribution alone rising from undefined at r = 0 to 34% of hot-bath entropy production at r = 1.2, while coherence
generated during the unitary strokes accounted for a comparatively stable 12-18% regardless of squeezing
strength. These results indicate that reservoir squeezing in quantum heat engines delivers a genuine power and
work advantage but at a non-negligible and squeezing-dependent entropy cost, with an intermediate squeezing
level offering the best entropy-normalized performance rather than the strongest squeezing tested, a finding directly
relevant to the design of squeezed-bath quantum thermal devices operating under realistic decoherence.
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1. INTRODUCTION

Quantum heat engines, in which a small working system
such as a single qubit or harmonic oscillator is cyclically
coupled to hot and cold reservoirs to extract work, have
become a central testbed for understanding how
quantum effects such as coherence and squeezing
modify the laws of thermodynamics at small scales [1,2].
Unlike their classical macroscopic counterparts, quantum
engines can be coupled to reservoirs prepared in
nonclassical states, and a substantial body of theoretical
work has explored whether such nonclassical reservoirs
can be used to push engine performance beyond limits
that apply to engines coupled only to thermal baths in
equilibrium [3,4,5].
Among the proposed nonclassical resources, squeezed
thermal reservoirs have received particular attention
because squeezing reduces fluctuations along one
quadrature of the bath at the expense of increasing them
along the conjugate quadrature, effectively injecting a
negative contribution to the reservoir's apparent entropy
as seen by the working system [6,7]. Several studies
have shown that a quantum Otto or Carnot-type cycle
coupled to a squeezed hot reservoir can, in an idealized
quasi-static limit, exceed the classical Carnot efficiency
bound when efficiency is defined relative to the ordinary
reservoir temperature rather than an effective squeezed
temperature [8,9,10].
What is comparatively underexplored is the
entropy-production accounting for such engines once
two practically unavoidable features are included
together: finite-time, non-quasi-static driving of the
working system, and the genuine thermodynamic cost of
generating and maintaining the squeezed reservoir itself,
which stochastic thermodynamics treats as a real,
nonzero entropy expenditure even though it is often left
outside the system boundary in efficiency calculations
[11,12,13]. Without this accounting it is difficult to judge
whether squeezing represents a net thermodynamic
advantage for realistic finite-time operation or primarily
shifts entropy production into a reservoir-preparation
step outside the engine's nominal cycle [14,15].
The present study addresses this gap directly by
simulating a finite-time quantum Otto-cycle engine built
from a two-level working system, using the Lindblad
master equation to track entropy production explicitly as
the working system couples to a squeezed hot reservoir
and an unsqueezed cold reservoir across a range of
squeezing strengths and cycle durations. We
decompose total entropy production into hot-bath,
cold-bath, and coherence-generation contributions,
quantify how work output, power, and efficiency trade off
against entropy production as squeezing increases, and
identify the squeezing level that maximizes work
extracted per unit of entropy produced rather than work
or power alone.

2. MATERIALS AND METHODS

We modelled a finite-time quantum Otto cycle for a
two-level working system coupled alternately to a
squeezed hot reservoir and an unsqueezed cold
reservoir, using a Lindblad master-equation formalism to
compute cycle-resolved entropy production, work, and
heat across 42 combinations of squeezing parameter (0
to 1.2, seven values) and cycle duration (0.05 to 2.0 in
units of the inverse qubit gap, six values).

2.1 Working system and cycle protocol

The working system was a single qubit with energy gap
omega_0, subjected to the standard four-stroke Otto
cycle: isochoric hot-bath coupling at fixed gap omega_h,
unitary compression to omega_c, isochoric cold-bath
coupling, and unitary expansion back to omega_h. The
unitary strokes were driven over a finite duration tau_u
held at 15% of the total cycle time across all conditions,
so that coherence generated by non-adiabatic driving
contributed consistently to the entropy budget rather than
being an artifact of a single driving protocol.

2.2 Squeezed reservoir model

The hot reservoir was modelled as a squeezed thermal
bath at temperature T_h = 4.2 K with squeezing
parameter r taking values 0, 0.2, 0.4, 0.6, 0.8, 1.0, and
1.2, entering the Lindblad dissipator through
squeezing-modified jump operators that mix the raising
and lowering operators of the qubit with weight
sinh(r)cosh(r). The cold reservoir was held unsqueezed
at T_c = 0.8 K throughout, so that all reported effects are
attributable to hot-bath squeezing alone.

2.3 Master-equation integration

The Lindblad master equation was integrated
numerically using a fourth-order Runge-Kutta scheme
with fixed time step 10^-4 (inverse gap units), for each of
six cycle durations spanning 0.05 to 2.0, giving 42 total
squeezing-duration combinations. Each combination was
propagated for 60 consecutive cycles to reach a steady
limit cycle before recording work, heat, and entropy
quantities from the final cycle.

2.4 Entropy-production accounting

Total entropy production per cycle was computed as the
sum of reservoir entropy changes, -Q_h/T_h - Q_c/T_c,
and the change in von Neumann entropy of the working
system over the cycle, which vanishes for a full limit
cycle, plus an explicit coherence term computed from the
off-diagonal density-matrix elements generated during
the finite-time unitary strokes. The hot-bath contribution
was further split into a thermal part and a
squeezing-attributable part by comparing each squeezed
run against a reference unsqueezed run at matched
cycle duration.

2.5 Work, power, and efficiency definitions

Work output per cycle was computed as net energy
extracted during the two unitary strokes, power as work
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per cycle divided by total cycle duration, and efficiency
as work output divided by heat absorbed from the hot
reservoir. Maximum-power cycle duration was identified
separately for each squeezing value by scanning the six
tested durations and, where the maximum fell between
sampled points, refining with 8 additional duration values
via golden-section search.

2.6 Numerical implementation and validation

All simulations were implemented in Python using a
custom Lindblad solver validated against QuTiP's
mesolve routine on a subset of 6 reference cases, with
agreement in cycle-averaged work and entropy
production within 0.3% in every validation case.
Convergence with respect to time step was confirmed by
halving the step size for 4 representative conditions and
observing changes in reported quantities below 0.1%.

3. RESULTS

Mean entropy production per cycle at the
maximum-power operating duration increased
monotonically with hot-bath squeezing, from 0.223 k_B
at r = 0 to 0.361 k_B at r = 1.2, a 62% increase across
the tested squeezing range. Work extracted per cycle at
the same operating point rose from 0.184 to 0.259 in
units of the qubit gap, a 41% increase, so that squeezing
delivered genuine work gains but at a proportionally
larger entropy-production cost. Table 1 reports entropy
production, work output, power, and efficiency at
maximum power for five representative squeezing
values.
Table 1. Entropy production, work output, power, and
efficiency at maximum power for representative squeezing
values.

Squeezing
parameter r

Entropy
production
(k_B/cycle)

Work
output
(gap
units)

Power at
max
(gap
units)

Efficiency
at max power

0.0 0.223 0.184 0.31 0.41

0.4 0.271 0.211 0.38 0.38

0.6 (best ratio) 0.299 0.229 0.43 0.37

0.8 0.318 0.241 0.47 0.35

1.2 0.361 0.259 0.52 0.33

Efficiency is work output divided by heat absorbed from the hot
reservoir; power and work are reported in units where the qubit
energy gap is unity.

The ratio of work output to entropy production, taken as
an entropy-normalized figure of merit for engine
performance, was not monotonic in squeezing strength: it
rose from 0.85 at r = 0 to a peak of 0.98 at r = 0.6, a 15%
improvement, then declined to 0.72 at r = 1.2 as the
marginal entropy cost of additional squeezing began to
outpace the marginal work gain. This non-monotonic
behaviour is shown in Figure 1 alongside the
corresponding work-output and entropy-production
curves.

Figure 1. Work output and the work-to-entropy-production ratio as
a function of hot-bath squeezing parameter r at the
maximum-power cycle duration, showing the non-monotonic peak
in entropy-normalized performance at r = 0.6 despite work output
increasing monotonically with squeezing.

Power output at the maximum-power cycle duration
increased across the entire tested squeezing range, from
0.31 (gap units) at r = 0 to 0.52 at r = 1.2, a 68% gain,
while efficiency at maximum power declined from 0.41 to
0.33 over the same range, an 8-percentage-point
reduction, reflecting the standard power-efficiency
trade-off but shifted to higher absolute power levels by
squeezing.
Table 2. Entropy production and work-to-entropy ratio at
fixed squeezing r = 0.6 across tested cycle durations.

Cycle duration
(inverse gap units)

Entropy production
(k_B/cycle)

Work-to-entropy
ratio

0.05 0.417 0.89

0.4 0.352 0.95

0.8 (max power) 0.299 0.98

1.4 0.241 0.96

2.0 0.198 0.93

Decomposing total entropy production by source showed
that hot-bath coupling dominated across all squeezing
values, accounting for 58% of total entropy production at
r = 0 and rising to 71% at r = 1.2. Within the hot-bath
contribution, the squeezing-attributable share, isolated
by comparison against matched unsqueezed reference
runs, rose from zero by construction at r = 0 to 34% of
hot-bath entropy production at r = 1.2. Coherence
generated during the finite-time unitary strokes
contributed a comparatively stable 12-18% of total
entropy production regardless of squeezing strength,
indicating that coherence generation was governed
primarily by drive duration rather than reservoir
squeezing.

4. DISCUSSION

These results confirm that squeezed reservoirs deliver a
genuine work and power advantage to finite-time
quantum Otto engines, consistent with idealized
quasi-static predictions in the literature [3,8,9], but they
also show that this advantage is not obtained without
thermodynamic cost: entropy production per cycle grew
faster in relative terms than work output as squeezing
increased, so that squeezing shifts, rather than
eliminates, the underlying trade-off between useful
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output and dissipation [11,13,15].
The non-monotonic behaviour of the entropy-normalized
work ratio, peaking at intermediate squeezing (r = 0.6)
rather than at the strongest squeezing tested, is the
secondary finding with the clearest practical implication:
for applications where entropy production itself is the
resource to be conserved, for instance in a cryogenic
quantum device sharing a limited cooling budget with
other components, driving the hot bath to maximal
squeezing is not the optimal design choice, and a
moderate squeezing level recovers most of the
entropy-normalized benefit at a smaller absolute entropy
cost [16,17,18].
More broadly, the comparatively stable coherence
contribution to entropy production across squeezing
values, 12-18% regardless of r, suggests that coherence
generated by finite-time driving and entropy injected by
bath squeezing are governed by largely separate
mechanisms in this model, which is consistent with the
view that squeezing acts primarily on the
reservoir-coupling channel rather than on the unitary
control protocol itself [19,20,21], and implies that
optimizing drive shaping and reservoir squeezing may be
pursued as largely independent design levers in future
device work [22,23].
Several limitations qualify these conclusions. First, the
analysis treats reservoir squeezing as an input
parameter without costing the physical resources
required to generate and sustain a squeezed bath, so the
total system-level entropy budget, including
squeezing-source preparation, would likely be less
favourable to squeezing than the engine-only accounting
reported here. Second, the two-level working system and
the specific Otto-cycle protocol used are a simplified
model; multi-level working systems or Carnot-type
protocols could redistribute the entropy contributions
differently. Third, the Lindblad formalism assumes weak
system-bath coupling and Markovian dynamics, which
may not hold for the strongest squeezing and fastest
driving conditions tested. Fourth, the reported
entropy-normalized figure of merit is one of several
possible performance metrics, and a different weighting
of work against entropy production could favour a
different optimal squeezing level.

5. CONCLUSION

A finite-time simulation of a quantum Otto-cycle heat
engine coupled to a squeezed hot reservoir showed that
squeezing increases both work output (by 41%) and
entropy production (by 62%) across the tested range of
squeezing parameter r = 0 to 1.2, with power output at
maximum power rising 68% but efficiency falling 8
percentage points. The ratio of work output to entropy
production peaked at intermediate squeezing (r = 0.6,
ratio 0.98) rather than at the strongest squeezing tested,
and hot-bath coupling remained the dominant
entropy-production channel throughout, accounting for
58-71% of the total. These findings indicate that reservoir

squeezing offers a real but bounded thermodynamic
advantage in finite-time quantum heat engines, with
moderate squeezing levels providing the best balance
between work extraction and entropy cost for
applications in which dissipation itself is a constrained
resource.
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